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Introduction 

The purpose of this paper is to demonstrate a two-step methodology for forecasting and stress-testing 
market risk instruments with explicit links to stressed macro scenarios. Examples of conditional forecasts 
of market risk variables are presented and econometrics behind the financial models are discussed. The 
proposed methodology can be leveraged to perform scenario-conditional stress-testing exercises.
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Introduction 

The demand placed on the forecasting and stress-testing of market risk instruments by regulators and financial institutions has 
grown tremendously in recent years. The concept of market risk refers to the risk of losses due to changes in financial variables 
such as interest rates, foreign exchange rates, and asset prices and volatilities, whose values are set in public markets. An extensive 
list of market risk variables represents a next layer of risk indicators built upon core macroeconomic and financial drivers used by 
financial institutions for regulatory compliance, business planning, and investment strategy development. 

Modern stress-testing exercises, including regulatory, customized, and Moody’s Analytics alternative scenarios, 1 are designed to 
anticipate a broad spectrum of shocks to create a forward-looking insight for financial institutions to prepare for changing 
economic and market conditions. For deep and integrated risk management, stress-testing is carried across many layers of macro 
and financial variables that often extend beyond regulatory requirements to support strategic growth objectives. The methodology 
presented in this article is designed to map the initial assumptions of alternative scenarios on the core drivers into an extensive set 
of market risk variables.  

This methodology is a two-stage process generating forecasts that ensure cross-consistency between projections for core 
macroeconomic and financial series and the market risk variables. The first stage consists of generating the forecasts of core 
drivers, either provided directly by a regulator or a client or generated in Moody’s Analytics macro-econometric country models. 
At the second stage, satellite models are used to generate market risk variables forecasts conditional on assumptions on the core 
variables. This allows us to produce reasonable in-sample fit and generate consistent, sensible, out-of-sample forecasts for stressed 
scenarios. Satellite model selection is based on a combination of economic theory, regulatory assumptions, and the statistical 
properties of the estimated model. This paper describes general satellite modeling framework and shows some applied examples, 
using most the recent econometric techniques. 

To set up the satellite models, we build upon extensive academic literature that has developed a large number of financial models 
adopted by practitioners. These models could be divided into groups depending on the type of market risk variables, underlying 
core macro determinants, and econometric techniques. Both time series and cross-sectional methodologies play an important role 
in empirical investigation of financial series. Many of the market risk variables represent a whole term or rating structure rather 
than a univariate time series. There are numerous examples in the literature that focus on the reduction of the dimension of cross-
section to a smaller number of unobserved factors. The principal component analysis is performed on interest rates, equities, and 
foreign exchange rates with different setups and focuses. In addition, PCA has been applied to not only levels but also the 
derivative features of interest rates, such as option-implied volatilities (Cont and Fonseca, 2002). 

Recently, empirical financial models have greatly evolved in direct response to new features found in the data coming from 
financial markets. Stochastic variance models and their extensions have become increasingly popular, while newer developments 
incorporate breaking trends and dependence between distant observations. The autogressive conditional heteroskedasticity 
process proposed by Engle (1982) and generalized ARCH by Bollerslev (1986) became the benchmark for modeling and forecasting 
asset returns and volatilities. 2 There is evidence that these models provide reliable estimates and forecasts of financial time series, 
since they are able to reproduce the periods of volatility clustering, particularly at high frequencies. This is especially true for 
returns on financial assets such as stocks, exchange rates, and various interest rates. 3  

1The supervisory scenarios are provided by regulators such as the U.S. Federal Reserve for the annual Comprehensive Capital Analysis and Review, the U.K. 
Prudential Regulation Authority (a part of the Bank of England) for the biannual scenario, and the European Banking Authority for irregular stress tests. For custom 
scenarios, the targets are usually specified by the clients in terms of severity metrics. Moody’s Analytics also produces baseline forecasts and alterative scenarios (S1 
through S6 and S8) for 49 countries, representing more than 90% of global GDP. These forecasts and alternative scenarios are updated monthly, reflecting the 
latest economic data, conditions and expectations. 
2Their extensions and modifications include TARCH and EGARCH models that allow negative shocks to behave differently than positive shocks, while IGARCH 
allows volatility shocks to be permanent. Another powerful model is GARCH in mean that allows volatility to directly influence asset market mean returns.  
3Other examples include commodities, swaptions, and cap and floor volatilities. 

 
 

STRESSED SCENARIOS AND LINKAGES TO MARKET RISK INSTRUMENTS /  www.economy.com 

                                                                 



 

 

MOODY’S ANALYTICS 

3 DECEMBER 2015 

Despite the extensive coverage of most popular financial instruments and their models, the academic literature on corporate and 
sovereign credit default swaps and mortgage-backed securities is relatively young, yet rapidly growing. Although there have been 
several treatments of the corporate CDS markets, there is less attention devoted to its sovereign analogue. With the outbreak of 
the sovereign debt crisis, SCDS have become important tools in the management of credit risk. There is consensus in the academic 
literature that there exists a common factor driving SCDS for different countries. Some studies argue for the leading role of global 
factors, while others emphasize local drivers (see Ang and Longstaff, 2013).  

The literature is similarly scarce regarding the modeling and forecasting of MBS. Existing empirical studies mostly focus on finding 
candidate drivers for agency MBS spreads such as Freddie Mac and Fannie Mae (Hancock, 2011; Boyarchenko et al. 2015). To the 
best of our knowledge, there are no comprehensive studies that forecast or stress-test these instruments in a dynamic 
environment over a long forecast horizon relevant for business planning (two, three or even five years). 

Our two-stage modeling framework is capable of generating forecasts over long horizons for a wide range of market risk variables. 
The extent of quantitative projections of specific macroeconomic and financial series provided by regulators varies widely, from 
just a handful of key factors to a fairly comprehensive list of financial and macroeconomic drivers. The practical challenge of 
satellite models is to map the given initial core assumptions onto a larger set of market risk variables. The starting point is 
expanding the initial assumptions to other core macro and financial series where applicable in Moody’s Analytics macro-
econometric models. The country models aim at reasonable baseline projections under standard economic conditions as well as 
generate forecasts under alternative assumptions provided either by regulators, clients or Moody’s Analytics scenarios. In the 
second stage, we design satellite models for each group of market risk variables that input the core drivers for the purpose of 
stress-testing. This paper describes the application of such methodology using the examples of stock market returns, implied 
volatilities, asset-backed securities, and sovereign credit default swaps. 

General satellite modeling framework 

To map the stress scenario assumptions to market risk variables, we define satellite models that have an explicit and transparent 
connection to the core drivers in a multivariate, parametric and semi-structural framework. The forecasts of the core drivers 
generated at the first stage are fed into the satellite models, mapping the effects of shocks onto a large set of the market risk 
variables. This approach allows us to produce reasonable in-sample fit and generate consistent, sensible, out-of-sample forecasts 
for stressed scenarios.  

The process of forecast generation starts with a set of initial assumptions, captured in a vector x. These could be regulatory, 
custom or Moody’s Analytics scenario assumptions. The next step consists of translating these shocks into a group of core 
macroeconomic and financial series, collected in a vector y. With the information from the pair (x,y), we populate values for a long 
list of parameters, grouped into what we refer to as the vector of satellite models: 𝑧𝑧 = (𝑧𝑧1, 𝑧𝑧2, … , 𝑧𝑧𝑆𝑆). The final output of the 
scenario phase gets summarized in the triplet (x,y,z). This combined vector is a starting point for the modeling of credit, market, 
liquidity and operational risk parameters. 

 

Each satellite model is defined such that there is no feedback between satellite variables and core drivers, since the stress-test 
exercise is unidirectional, that is, modeling a risk metric as a function of core macroeconomic and financial variables. These 
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satellite equations contain core variables or their combination. The figure below illustrates the satellite equations centered on a 
core macroeconomic model. Consider a group of S satellite models, labeled 𝑠𝑠 ∈ {1,2,3, … , S}. Each of these equations is such that 
the endogenous variables zs can be obtained as an explicit mapping of the core economic variables, zs = gs(x, y). 

 

 

 

 

 

 

 

To illustrate the concept of satellite models, we show a time-series example of the behavior of 𝑧𝑧𝑡𝑡𝑠𝑠, with lags of (x,y,z) and a 
residual term, 𝜇𝜇𝑡𝑡𝑠𝑠, as potential explanatory variables: 

𝑧𝑧𝑡𝑡𝑠𝑠 = 𝑓𝑓(𝑥𝑥𝑡𝑡 , 𝑥𝑥𝑡𝑡−1,𝑥𝑥𝑡𝑡−2, … , 𝑥𝑥𝑡𝑡−𝐿𝐿 ,𝑦𝑦𝑡𝑡 ,𝑦𝑦𝑡𝑡−1,𝑦𝑦𝑡𝑡−2, … , 𝑦𝑦𝑡𝑡−𝐿𝐿 , 𝑧𝑧𝑡𝑡−1𝑠𝑠 , 𝑧𝑧𝑡𝑡−2𝑠𝑠 , … , 𝑧𝑧𝑡𝑡−𝑇𝑇𝑠𝑠 , 𝜇𝜇𝑡𝑡𝑠𝑠) 

With 𝑧𝑧𝑡𝑡𝑠𝑠 as the only variable on the left-hand side of the equation, the relationship is unidirectional: from (x,y) to z. This simple 
time-series satellite model allows for no interactions with other satellite variables nor any feedback between 𝑧𝑧𝑡𝑡𝑠𝑠 and the core 
regulatory assumptions in (x,y). 

Standard time-series models such as autoregressive moving average models are good examples of satellite models. This 
representation may include autoregressive lags and/or moving average components. A standard Box-Jenkins methodology is 
followed to find the most parsimonious model of the data-generating process for a given risk metric 𝑍𝑍𝑡𝑡  

𝑍𝑍𝑡𝑡 = 𝑐𝑐 + ∑ 𝛽𝛽𝑙𝑙𝑋𝑋𝑡𝑡−𝑙𝑙𝑁𝑁
𝑙𝑙=0 + ∑ 𝜌𝜌𝑙𝑙𝑌𝑌𝑡𝑡−𝑙𝑙𝑃𝑃

𝑙𝑙=0 + ∑ 𝜕𝜕𝑙𝑙𝑍𝑍𝑡𝑡−𝑙𝑙𝐿𝐿
𝑙𝑙=1 + ∑ 𝜃𝜃𝑘𝑘𝜀𝜀𝑡𝑡−𝑘𝑘,

𝐾𝐾
𝑘𝑘=0     (1) 

where Zt is a satellite variable, Xt is a row vector of initial exogenous core variables provided by the regulator, Yt is a row vector of 
the next layer of core macroeconomic and financial series produced in Moody’s Analytics country models, and ɛt is the value of the 
stochastic error term. The parameters c, β, ρ, 𝜕𝜕 are unknown and are to be estimated.  

However, including autoregressive terms in the model often results in a muted impact of core drivers on a target supplementary 
variable. Thus, it is a common practice and recommended by regulators to exclude autoregressive terms in the supplementary 
variable equations. 

Model selection procedure 

A key aspect of satellite model development is variable selection to identify which core drivers best explain the dynamic behavior 
of the market risk variable in question. Aligned with principles of modern econometrics, our approach toward variable selection is 
based on a combination of economic theory or intuition, regulatory assumptions, and a consideration of the statistical properties 
of the estimated model. Models built using pure data-mining techniques or principles such as machine learning, though they may 
fit the existing data well, are more likely to fail in a changing external environment because they lack theoretical underpinnings. 
The best prediction models employ a combination of statistical rigor with a healthy dose of economic principle. Hence, our models 
combine expert judgment with statistical optimization. Models built this way enjoy the additional benefit of ease of interpretation.  

 

𝐺𝐺 𝑥𝑥,𝜀𝜀 ,𝑦𝑦 = 0
CORE MODEL

𝑧𝑧1 = 𝑔𝑔1 𝑥𝑥 ,𝑦𝑦

𝑧𝑧3 = 𝑔𝑔3 𝑥𝑥, 𝑦𝑦

𝑧𝑧𝑆𝑆 = 𝑔𝑔𝑆𝑆 𝑥𝑥 ,𝑦𝑦

Satellite Model 1

Satellite Model 3

Satellite Model S
𝑧𝑧2 = 𝑔𝑔2 𝑥𝑥, 𝑦𝑦
Satellite Model 2

(𝑥𝑥, 𝜀𝜀) → 𝑦𝑦

𝑥𝑥, 𝑦𝑦 → 𝑧𝑧3

𝑥𝑥, 𝑦𝑦 → 𝑧𝑧2

𝑥𝑥, 𝑦𝑦 → 𝑧𝑧1

𝑥𝑥, 𝑦𝑦 → 𝑧𝑧𝑆𝑆
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The satellite model development process consists of selecting optimal exogenous drivers 𝑋𝑋𝑡𝑡 ,𝑌𝑌𝑡𝑡 in equation (1) from a pool of 
potential drivers. Once the final model is selected and estimated, the conditional dynamic forecasts of 𝑍𝑍𝑡𝑡 are generated given the 
sets of final parameter estimates and the forecasts of the core variables from the first stage. The next step is to validate the final 
model in and out of sample.  

The procedure of selecting optimal drivers is the following. First, potential drivers are identified based on relevant economic theory 
and ensuring consistency with regulatory or custom assumptions. Second, these potential drivers undergo the exhaustive search 
process, whereby all possible combinations of variables are tested, including all lag combinations up to two quarters. This ensures 
that we obtain the most robust and predictive model available from the tested variables. To avoid model over-fitting, up to three 
uncorrelated core drivers are typically selected. The selected drivers should be significant at a conventional level and have the 
expected sign of the coefficient estimate. 4 The final models selected by the exhaustive search procedure are always reviewed for 
consistency with regulatory assumptions. 

The in-sample validation of the final model helps us identify sensitivities, stability issues, and other potential problems. A wide 
range of diagnostic methods is available to verify regression model assumptions and detect other potential problems such as 
outliers. 5 Of note, there is a trade-off between not adding lags of dependent variables, thus allowing potential autocorrelation in 
residuals, and obtaining a reasonable spread between the forecasts of alternative scenarios. In such cases, we correct for this by 
applying robust standard errors using the Newey-West variance estimator to produce consistent estimates when there is 
autocorrelation in addition to possible heteroskedasticity.  

Concerning the out-of-sample validation, a typical analysis includes back-testing and sensitivity. For back-testing, parts of the 
sample data are removed from the model estimation and the model is used to generate forecasts for the resulting validation 
sample to assess the model’s accuracy and to determine whether the errors are similar to those for the entire sample. For 
sensitivity, we look at impulse responses to each of the drivers included in the final model and at the beta elasticity of dependent 
variables to each of its right-hand-side drivers. For impulse response analysis, a shock occurs only in one driver at a time, since the 
shocks in different drivers are independent. For example, a shock of one-standard-deviation size is applied to one driver at a time, 
and the model is used to forecast the dependent variable. The beta elasticity quantifies the response of the dependent variable to 
a one-standard-deviation shock on each driver. This standardizes each driver’s coefficient estimate such that they become 
identical to estimates from a regression on standardized variables. 

To maximize the informative content of core macro and financial drivers, the global factors are often used. They reduce the 
dimensional space of the explanatory variables, thus achieving more parsimony and flexibility. The principle component analysis is 
used to extract relevant business cycle information from the sets of macroeconomic variables. The key global factors include the 
global growth factor, the global equity factor, and the global equity volatility factor. Each of these factors represents the variance of 
a wide range of constituent macro and financial variables as well as geographical territories.  

4 From the models that pass these criteria we select the best model by maximizing the ratio 𝐴𝐴𝐴𝐴𝐴𝐴.𝑅𝑅2

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅
, where 𝐴𝐴𝐴𝐴𝐴𝐴.𝑅𝑅2 = 1− (1− 𝑅𝑅2) 𝑛𝑛−1

𝑛𝑛−𝑚𝑚−1
, 𝑅𝑅2 =

∑ (𝑦𝑦𝑖𝑖−𝑦𝑦�𝑖𝑖)2𝑛𝑛
1
∑ (𝑦𝑦𝑖𝑖−𝑦𝑦�)2𝑛𝑛
1

, 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = �1
𝑛𝑛
∑ (𝑦𝑦𝑖𝑖 − 𝑦𝑦𝑖𝑖�)2𝑛𝑛

1 , n denotes the number of variables and m the number of parameters to be estimated (excluding a constant). While the 

adjusted 𝑅𝑅2 measures the share of total variation explained by the driver(s) considering the degrees of freedom of the regression equation, the RMSE captures the 

average deviation of estimates from observed values. We also restrict a threshold variation on 𝐴𝐴𝐴𝐴𝐴𝐴.𝑅𝑅2

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅
 when adding an extra driver. 

5 If a single observation or small group of observations can make a large difference in the results of regression output, it is important to identify them and 
investigate further. An observation can be unusual if it is an outlier, has high leverage, or exerts strong influence. While outliers are observations with large 
residuals, leverage is a measure of how far an observation deviates from its mean. Influential points combine features of outliers and high leverage; removing 
influential observations substantially changes the estimates of coefficients. There are two key methods for assessing unusual observations: statistics that assess the 
overall impact of an observation on the regression results such as residuals, leverage and Cook's D, and statistics that assess the specific impact of an observation 
on the regression coefficients such as DFBETA. 
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The global growth factor captures the dynamics of global economic activity and is an aggregate measure of the real GDP growth 
of the key world economies. The charts below depict the GGF based on the GDP growth rates of the U.S., U.K. and euro zone for a 
number of alternative scenarios. CCAR scenarios represent the U.S. Federal Reserve for the annual Comprehensive Capital Analysis 
and Review. 6 Moody’s Analytics standard scenarios: Baseline, Moderate Recession (S3), Protracted Slump (S4), and Low Oil Price 
(S8). The PRA scenarios are baseline and stress scenarios under assumptions provided by the Prudential Regulatory Authority. The 
first PCA component, named the GGF, accounts for more than 85% of the total variation. It is therefore possible to reduce the 
dimensionality of the problem by focusing only on one factor instead of the three original series. 7 Additionally, the PCA addresses 
the issue of multicollinearity coming from a high degree of correlation between series. 

 

 

 

The global equity factor is an aggregate measure of global equity returns. The example presented below includes the Standard & 
Poor’s 500, the STOXX 50 Blue Chip Price Index, and the FTSE 100 for Moody’s Analytics and PRA scenarios. The GEF accounts for 
more than 94% of total variation in the equity indexes. The co-movement in the equities can be explained by the tight integration 
of financial services in developed markets; the presence of large, international investors; and the limited differences in regulatory 

6 For CCAR 2015 see http://www.federalreserve.gov/bankinforeg. 
7 When more variables are included in the PCA, the dimensionality issue grows in importance. Many different techniques can be used to choose the optimal 
number of components. One of the rules widely acknowledged in the statistical literature is to keep all components whose eigenvalues exceed one. 
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and infrastructural frameworks, which minimize the room for arbitrages and favor liquidity spillovers. The forecast of the GEF is 
driven by the GGF, since stock returns tend to be procyclical and anticipate the dynamics of the business cycle a few months 
ahead. 

 

 

Finally, the global equity volatility factor is constructed as the first principal component from implied volatility indexes. The GEVF 
presented below is based on VIX, V2X and VFTSE 30-day implied volatilities. Similar to equity returns, equity volatilities share 
much in common because uncertainty easily transcends across stock markets. We find that the GEVF accounts for more than 95% 
of total variation in the volatility indexes. 

 

 

 

 

 

 

 

The chart below compares the in-sample fit of the three global factors. There is a positive association between the GGF and the 
GEV with the correlation coefficient 0.58. Intuitively, better stock market performance is positively related with higher economic 
growth. In turn, this is associated with lower volatility as measured by the GEVF, with the correlation coefficient between GEV and 
GEVF being  
-0.72.  

-.6
-.4

-.2
0

.2
.4

2000m1 2005m1 2010m1 2015m1

SX5E UKX SPX

-6
-4

-2
0

2
4

2000m1 2003m1 2006m1 2009m1 2012m1 2015m1 2018m1

Baseline S3 S4 S8

Global Equity Factor

10
20

30
40

50
60

2000m1 2005m1 2010m1 2015m1

VFTSE V2X VIX

-4
-2

0
2

4
6

2000m1 2003m1 2006m1 2009m1 2012m1 2015m1 2018m1

Baseline S3 S4 S8

Global Equity Volatility Factor

 
 

STRESSED SCENARIOS AND LINKAGES TO MARKET RISK INSTRUMENTS /  www.economy.com 



 

 

MOODY’S ANALYTICS 

8 DECEMBER 2015 

 

This relationship between the global factors also persists in the forecasts across scenarios. Under the baseline and S8 scenarios, the 
GDP growth rates are positive and stock markets rise, while volatility declines and remains relatively constant. In the adverse S3 
and S4 scenarios, GDP contracts, stocks decline and volatility spikes.  
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Asset returns and volatility modeling 

In this section we present a unified modeling framework for the asset returns and volatilities with some applications. This approach 
relies on the factor analysis and employs autoregressive conditional heteroskedastic models and their extensions. From a statistical 
point of view, ARCH models have similar properties to autoregressive models except that these properties relate to the volatility 
of the series.  

We illustrate the process of fitting an ARMA-GARCH model to financial data using an example of stock returns and corresponding 
option-implied volatilities. The time series consist of monthly SX5E, UKX and SPX indexes and their corresponding implied 
volatilities VIX, VFTSE and V2X from January 2000 through February 2015. As can be seen in the figure below, the series are good 
candidates to be (G)ARCH processes since the stock market exhibits periods of large volatility followed by periods of relative 
tranquility. 8  

 

The chart below illustrates two volatility measures of the SPX Index: the historical volatility and implied volatility. Both volatilities 
consist of daily observations; the historical volatility is computed over the rolling window of 21 consecutive trading days. The 
implied volatility index is calculated using the price of near-term options on the S&P 500 index. This clearly illustrates the stylized 
fact that implied volatility fluctuates less than the historical series. The implied volatility is interpreted in terms of expected future 

fluctuations, whereas historical volatility constitutes past realization. Thus, it is preferable to model equities and volatilities in a 
unified framework.   

 

8Statistical tests confirm the presence of conditional heteroskedasticity in each monthly index returns. The tests include inspection of the sample autocorrelation 
function and partial autocorrelation function for squared residuals, Ljung-Box Q-test, and LM test for the presence of ARCH.  
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We jointly estimate the model of the mean and the conditional volatility using the ARMA-GARCH model with exogenous drivers. 
First, the order of the appropriate process is selected for each index using an analogue of standard Box-Jenkins methodology to 
select the most parsimonious model. Once the model is selected, it is estimated using the method of maximum likelihood. 9 The 
exogenous drivers are global factors and local measures such as respective GDP growth rates. 

The dependent variable is a stock index return (𝑅𝑅𝑡𝑡), while conditional heteroskedasticity relates to the variance (or volatility) of 
the error term ℎ𝑡𝑡 .  

MEAN EQUATION, ARMA (P, Q): 

𝑅𝑅𝑡𝑡 = 𝑎𝑎0 + ∑ 𝑎𝑎𝑖𝑖𝑅𝑅𝑡𝑡−𝑖𝑖𝑃𝑃
𝑗𝑗=1 + ∑ 𝑏𝑏𝑗𝑗𝐺𝐺𝐺𝐺𝑡𝑡−𝑗𝑗𝐿𝐿

𝑗𝑗=𝑙𝑙 + ∑ 𝑐𝑐𝑗𝑗𝐺𝐺𝐺𝐺𝐺𝐺𝑡𝑡−𝑗𝑗𝐾𝐾
𝑗𝑗=𝑘𝑘 + ∑ jtj −εγ𝑄𝑄

𝑗𝑗=0  , 

VARIANCE EQUATION, GARCH(P, Q):  

ℎ𝑡𝑡 = 𝜔𝜔0 + ∑ 𝛼𝛼𝑖𝑖𝜀𝜀2𝑡𝑡−𝑖𝑖
𝑝𝑝
𝑖𝑖=1 + ∑ 𝛽𝛽𝑖𝑖ℎ𝑡𝑡−𝑖𝑖

𝑞𝑞
𝑖𝑖=1 + ∑ 𝑐𝑐𝑖𝑖𝐺𝐺𝐺𝐺𝑡𝑡−𝑖𝑖 𝐾𝐾

𝑖𝑖=𝑘𝑘 . 

The mean equation can include lags of the GEF to capture the persistence in stock returns. The coefficients 𝑏𝑏𝑗𝑗  are positively 

significant, consistent with the stylized fact that returns tend to cluster in the short term. As to the volatility equation, most 
models are ARCH(1) or GARCH(1,1) (p=1 while 𝛽𝛽𝑗𝑗 = 0, or p=1 and q=1, respectively). The ARCH term 𝛼𝛼1𝜀𝜀2𝑡𝑡−1 reflects the impact 

of “news” or “surprises” from previous periods that affect volatility of equity returns. The coefficient 𝛼𝛼1 is significant, positive, and 
less than unity, depicting the extent of the shocks’ effect on volatility that is not destabilizing. The GARCH term 𝛽𝛽1ℎ𝑡𝑡−1 measures 
the impact of the forecast variance from previous periods on the current conditional variance, or volatility. Significant and positive 
coefficient 𝛽𝛽1 shows a high degree of persistence in exchange rate volatility. The sum of coefficients also tells us about the speed 
of convergence of the forecast of the conditional volatility to a steady state: Values closer to unity indicate slower convergence. 

Leads on the GGF (or on the country’s own GDP) for some indexes are included in the volatility equation to capture expectations 
about future corporate profitability that influences volatility, which measures risk. We found that the coefficient 𝑐𝑐1 is negative. 

9The utilized estimation procedure calculates standard errors robust to departures from normality, since the distribution of the data has fat tails.  
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This is consistent with the fact that higher expected returns calm down markets, thus reducing volatility. Sample conditional 
forecasts for the Moody’s Analytics scenarios of both stock indexes and volatility indexes are depicted in charts below.  
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Other examples of implied volatilities include cap-and-floor volatilities, foreign exchange volatilities, gold volatilities, and 
swaptions volatilities. The charts below present the corresponding term structures: cap-and-floor, designated as EUCFA; gold 
volatility, XAUUSDV; and Forex volatility, EURUSDV. There is a clear ranking of mean and median values within term structure. For 
example, long EUCFA tenors have smaller mean and median values than short tenors. This index displays inverted term structure 
most of the time. In contrast, XAUUSDV and EURUSDV indexes have higher mean and median values for longer tenors. 
Meanwhile, volatility values for the tenors on the short end display more dispersion around their means than the tenors on the 
long end. Hence, the short tenors are more sensitive to economic fluctuations than the long curves. This observation is also 
supported by the fact that attained maximum values decline for higher tenors for most curves. 
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Since the historical data across the tenors display a high degree of collinearity, it makes sense to model them in unified framework. 
For this, a state-space model is employed, which can be formalized with the two equations below.  

𝑉𝑉𝑡𝑡 = 𝐴𝐴 + 𝐿𝐿𝐹𝐹𝑡𝑡 + 𝜀𝜀𝑡𝑡                         

𝐹𝐹𝑡𝑡 = 𝛼𝛼 + �𝛽𝛽𝑘𝑘𝐹𝐹𝑡𝑡−𝑘𝑘

𝐾𝐾

𝑘𝑘=1

+ 𝑣𝑣𝑡𝑡            

The first equation models the volatility tenors as a function of N factors, which are collected in vector Ft, while the second 
equation models the dynamics of the term structure through K lags of the factors. 𝑉𝑉𝑡𝑡 = [vt(1), … , vt(M)]T denotes a (M × 1) 
vector of volatilities observed at time t for M different maturities; 𝐹𝐹𝑡𝑡 denotes a (N × 1) vector of factors obtained from the data 
with N<M. A and L are matrixes of unknown parameters to be estimated on the data. A is a matrix of intercept coefficients that 
set the level of 𝑉𝑉𝑡𝑡 if 𝐹𝐹𝑡𝑡 = 0. L is a matrix that defines how volatility tenors in 𝑉𝑉𝑡𝑡 respond to changes in 𝐹𝐹𝑡𝑡 factors. 𝜀𝜀𝑡𝑡 is a vector of 
approximation errors, and vt are standard stochastic regression errors. 𝜀𝜀𝑡𝑡 and 𝑣𝑣𝑡𝑡  are mutually orthogonal. 

For the example of C&F volatilities, the first component accounts for more than 97% of the variation. We model the level 
component as a function of the global growth factor and the global equity factor. The historical data and sample forecasts for 
Moody’s Analytics baseline and S4 scenarios are displayed in the figures below. 
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Asset-backed securities modeling 

The term structure framework can be used for other types of market risk variables. An example of a satellite model for agency 
mortgage-backed securities is presented in this section. The historical data include 15- and 30-year MBS issued by Ginnie Mae, 
designated as GNMAI; Fannie Mae, FNMAI; and Freddie Mac Gold Participation Certificate, or GOLD, securities with coupon rates of 
3%, 3.5% and 4%. Historical data displays clear co-movement across different types, coupons and maturities. It is also evident that 
the spread between the 15- and 30-year MBS is persistent and mostly stable. 

 

In line with the recent empirical literature, the model for the level component includes the measures of the prepayment risk and 
the rollover risk as exogenous drivers. The former is computed as the difference between two-year moving average of the 
mortgage rate on conventional term mortgages and its current value. The rollover risk in a mortgage life cycle that reflects 
financial market disruptions, credit downgrades, and other unanticipated events is approximated by the GEF. Additionally, the 
Moody’s AAA corporate bond yield is included as one of macro exogenous drivers.  

The charts below demonstrate in-sample correlation between the level component and drivers. The level component is positively 
correlated with AAA corporate bond yield and negatively with the GEF. It is also evident that the level component is inversely 
related to the prepayment factor. A mortgage whose fixation period is ending soon is less likely to be prepaid when the current 
mortgage rate declines relative to its two-year moving average. Households are more likely to negotiate lower contract rates after 
the end of the fixation period. As the prepayment factor increases as a result of a decline in the current rate, the level factor falls 
with reduced prepayment risk.  
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The regression equation for the level component has the following ARMA(1,0) structure with the exogenous drivers:  

tttttt PFAAACUSGEFLL εβββββ +++++= +− 4322110 _ln_ , 

where Levelt is the level component at time t, GEFt is the global equity facto at t, ln_US_AAACt is the natural logarithm of Moody’s 

AAA corporate bond yield obtained from the U.S. country model, PFt is the prepayment factor at t, and tε is a stochastic error 

term. The forecasts of the level component under the CCAR scenarios are depicted below.  
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Under the CCAR scenarios, the aligment of the curves is preserved, and historical sensitivity of bigger coupons (3.5% and 4%) to 
stress is also reproduced in the forecast period.  
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Sovereign CDS modeling 

In this section we present an example satellite model of sovereign CDS spreads. The sovereign crisis, which exploded in late 2009, 
has had a large impact on the statistical properties of SCDS spreads time series. Prior to August 2007, the CDS spreads are broadly 
stable; however, with the start of the credit crunch they fluctuate considerably and the spreads increase sharply.

 

To model sovereign CDS spreads, we employ an autoregressive fractionally integrated moving average model with long memory. 
Long-memory time series are characterized by the presence of dependence between observations separated by a long time 
interval. Sovereigns are exposed to the financial crisis and uncertainty of financial markets for not only a short period but also over 
a persistent horizon. 10 

The creditworthiness of a sovereign can be described in terms of the stochastic process with some order of integration. ARMA 
models are applicable for integrated of order zero I(0) series with short memory. Negative shocks to the creditworthiness of the 
borrower are temporary and eventually—depending on the persistence of the shock itself—die out. On the other hand, ARIMA 
models handle integrated of order one I(1) series. Negative shocks to such series are permanent and memory never fades, or they 
are even explosive (order of integration greater than one) and eventually drive the probability of default implied by the CDS 
contract to one. This is equivalent to saying that the stochastic process contains one or more unit roots.   

Meanwhile, ARFIMA provides a middle ground in the length of the process memory. ARFIMA handles processes that are neither 
pure I(0) nor I(1) and models long-run effects that die out only at longer horizons. Technically, a long memory process can be 
characterized by a fractionally integrated process (that is, the degree of integration is less than one but greater than zero). 
Formally, a fractionally integrated ARFIMA process is a generalization of ARIMA process 

𝑦𝑦𝑡𝑡 = 𝜌𝜌(𝐿𝐿)−1(1− 𝐿𝐿)−𝑑𝑑𝜃𝜃(𝐿𝐿)𝜀𝜀𝑡𝑡, 𝜀𝜀𝑡𝑡~𝑖𝑖𝑖𝑖𝑖𝑖 (0, 𝜎𝜎2), 
 

where 𝜌𝜌(𝐿𝐿) = (1 − 𝜌𝜌1𝐿𝐿 − 𝜌𝜌2𝐿𝐿2 − ⋯− 𝜌𝜌𝑝𝑝𝐿𝐿𝑝𝑝) and 𝜃𝜃(𝐿𝐿) = (1 + 𝜃𝜃1𝐿𝐿 + 𝜃𝜃2𝐿𝐿2 + ⋯+ 𝜃𝜃𝑝𝑝𝐿𝐿𝑝𝑝) are AR and MA lag 
polynomial, respectively, where L denotes a lag operator, 𝐿𝐿𝑦𝑦𝑡𝑡 = 𝑦𝑦𝑡𝑡−1. While AR and MA terms capture short-run dependence, the 
fractional differencing parameter d captures long-run effects with −0.5 < 𝑑𝑑 < 0.5 for stationary series with long memory. The 

10 Formal statistical tests are employed to avoid spurious short or long memory evidence. 
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main advantage of the ARFIMA over the ARIMA model for stationary series with long memory is its relative parsimony, since it 
allows avoiding over-fitting with too many AR and MA terms. 
 

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑡𝑡 = 𝐹𝐹(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑡𝑡 ,𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑡𝑡). 

We model SCDS changes as a long memory process with exogenous variables related to the local and global economy. For 
country-specific measures, the real GDP annual growth rate can be used as a proxy for the overall state of the economy. In 
addition, SCDS spreads react to investors’ global changing risk aversion even if underlying local macro fundamentals are 
unchanged.  

 

 

 

Taking Italian and Spanish five-year SCDS spreads as examples, we plot the in-sample fit of the annual growth rates of SCDS, GDP 
and GEVF. There is a clear negative correlation between the growth rates of SCDS spreads and GDP. Higher economic growth 
implies that a country can meet its financial obligations, thus decreasing its probability of default, and this reduces premium as 
insurance against default. However, the SCDS spreads and the global equity volatility factor are positively correlated. The following 
figures show the forecasts for the baseline, S3 and S4 scenarios.  
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Appendix: Examples of Market Risk Instruments 

This appendix provides a list of examples of supplementary variables that were modeled and forecast using our proposed 
methodology. 
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