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𝑥 𝑦
𝑋 =

𝑥 𝑥

𝐹(𝑥) ≔ 𝑃[𝑋 ≤ 𝑥]

𝑥1, … , 𝑥𝑛



 

 

 

𝑋 𝑥 𝑦

𝑥

 

𝐹

𝑥1, … , 𝑥𝑁

𝐷𝑁 ≔ sup
𝑥

|𝐹(𝑁)(𝑥) − 𝐹(𝑥)|

𝐹(𝑁)



𝐹(𝑁)(𝑥) ≔
1

𝑁
∑ 𝐼(𝑥𝑖 ≤ 𝑥)

𝑁

𝑖=1

𝐹1, … , 𝐹𝑁

�̃�𝑖 ≔ 𝐹𝑖(𝑥𝑖)

𝑥𝑖 𝐹𝑖 𝑖 �̃�1, … , �̃�𝑁

𝑘 𝒙 𝑭

𝑧1 ≔ 𝐹1(𝑥1) 
𝑧2 ≔ 𝐹2(𝑥2|𝑥1) 
… 
𝑧𝑘 = 𝐹𝑘(𝑥𝑘|𝑥1, … , 𝑥𝑘−1)

(𝑥1, … , 𝑥𝑘) 𝒙 𝐹𝑖 𝑥𝑖 𝑥1, … , 𝑥𝑖−1

𝒙 𝑭 𝒛 ≔ (𝑧1, … , 𝑧𝑘)
[0,1]𝑘

𝑁 𝒙𝟏, … , 𝒙𝑵 𝑘
𝑭𝟏, … , 𝑭𝑵

𝑘

𝑘 𝒛
[0,1]𝑘

𝑧1, … , 𝑧𝑘

[0,1]

𝑁 𝑘

𝑁 ∗ 𝑘

𝑘 𝑁
[0,1]𝑘 𝑘

𝒙𝟏

𝒙𝟐

 �̃�1, … , �̃�𝑁

𝑥2 𝑥1



𝑘!

 

𝐵�̂� =  
1

𝑁
∑(𝑝𝑖 − 𝐼𝑖)2

𝑁

𝑖=1

𝑁 𝑝𝑖 𝐼𝑖

𝐵𝑆 = 0 𝑝𝑖 = 𝐼𝑖 𝑖

𝑞

𝐸[𝐵𝑆] = 𝑞 ∗ (𝑝 − 1)2 + (1 − 𝑞) ∗ 𝑝2 = 𝑝2 − 2𝑝𝑞 + 𝑞

𝑝 𝑝 = 𝑞

𝐵𝑆 =  𝐸𝑝 [(𝑝 − 𝑓(𝑝))
2

] − 𝐸𝑝 [(𝑠 − 𝑓(𝑝))
2

]  + 𝑠(1 − 𝑠)

𝑓(𝑝) 𝑝 𝑠
𝑝

 

 
𝑉𝑎𝑟𝑝[𝑓(𝑝)]

𝑠

𝐵�̂� 𝑁



 
𝑠

𝑠 = 0.5

𝑠

𝑦1 < 𝑦2 < ⋯ < 𝑦𝐾

𝑝1: = 𝑃[𝑥 ≤ 𝑦1], … , 𝑝𝐾 ≔ 𝑃[𝑥 ≤ 𝑦𝐾]

𝑅𝑃𝑆 = 𝐸 [
1

𝐾
(𝑝𝑘 − 𝐼(𝑥 ≤ 𝑦𝑘))

2
]

𝐶𝑅𝑃𝑆 = 𝐸 [∫(𝐹(𝑥) − 𝐼(𝑥0 ≤ 𝑥))2𝑑𝑥]

𝐹
𝑥0

𝐶𝑅𝑃�̂� =
1

𝑁
∑ ∫(𝐹𝑖(𝑥) − 𝐼(𝑥𝑖 ≤ 𝑥))2𝑑𝑥

𝑁

𝑖=1

𝐿2



𝑥0  =  1 𝑥0 = 0
𝐹(𝑥)  =  0 𝑥 < 0 𝐹(𝑥) = (1 − 𝑞) 0 ≤ 𝑥 < 1 𝐹(𝑥) = 1 1 ≤ 𝑥 𝑞

(𝑞 − 𝐼{𝑥0=1})
2

𝑥
𝑥𝑖

𝐶𝑅𝑃𝑆𝑆 = 1 −
𝐶𝑅𝑃𝑆

𝐶𝑅𝑃𝑆𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒

(0.5) ∗ (0.9 + 0.1) = 0.5
0.9 𝑖𝑡ℎ

0.1

𝐸[(0.5 − 𝐼𝐻𝑒𝑎𝑑𝑠)2] = (0.5) ∗ (0.5 − 1)2 + (0.5) ∗ (0.5 − 0)2 = 0.25

0

0.2

0.4

0.6

0.8

1

0% 2% 4% 6% 8%

Prob(X < x)
I (x_0 < x)



0.5 ∗ 𝐸[(0.9 − 𝐼𝐻𝑒𝑎𝑑𝑠)2|𝑅𝑒𝑑 𝑐𝑜𝑖𝑛] + 0.5 ∗ 𝐸[(0.1 − 𝐼𝐻𝑒𝑎𝑑𝑠)2|𝐺𝑟𝑒𝑒𝑛 𝑐𝑜𝑖𝑛]

= 0.5 ∗ [(0.9) ∗ (0.9 − 1)2 + (0.1) ∗ (0.9 − 0)2] + 0.5 ∗ [(0.1) ∗ (0.1 − 1)2 + (0.9) ∗ (0.1 − 0)2] = 0.09

1 −
0.09

0.25
= 0.64 𝐶𝑅𝑃𝑆𝑆 =  64%

 



 

 

 

 

 

 

 

 



 

𝑥1, … , 𝑥8

𝑧1, … , 𝑧8

𝑧

𝑖 𝑥1, 𝑥2, … , 𝑥𝑖−1 𝑥𝑖

  
K-S Statistic: √𝑁 ∗ 𝐷𝑁 

 
CRPSS vs. Through-the-Cycle 

(best possible = 100%) 
CRPSS vs. Stationary 

(best possible = 100%) 

Median 1.3300 7.7% 3.8% 

Min 0.5857 -4.5% -25.0% 

Max 2.3373 17.4% 18.9% 

𝛼 K-S Stat 

0.2 1.07 

0.1 1.22 

0.05 1.36 

0.01 1.63 

Φ−1(𝑧)
𝑦 = 𝑥
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Correlation USD CAD AUD GBP HKD CHF JPY EUR 

USD 100% 59% 61% 62% 60% 61% 45% 61% 

CAD 59% 100% 63% 61% 60% 61% 43% 60% 

AUD 61% 63% 100% 64% 62% 64% 41% 63% 

GBP 62% 61% 64% 100% 61% 63% 44% 61% 

HKD 60% 60% 62% 61% 100% 61% 47% 60% 

CHF 61% 61% 64% 63% 61% 100% 44% 62% 

JPY 45% 43% 41% 44% 47% 44% 100% 47% 

EUR 61% 60% 63% 61% 60% 62% 47% 100% 
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Correlation USD CAD AUD GBP HKD CHF JPY EUR 

USD 100% 96% 84% 90% 75% 77% 58% 73% 

CAD 96% 100% 81% 93% 69% 79% 64% 74% 

AUD 84% 81% 100% 83% 75% 75% 55% 67% 

GBP 90% 93% 83% 100% 65% 82% 67% 76% 

HKD 75% 69% 75% 65% 100% 66% 35% 64% 

CHF 77% 79% 75% 82% 66% 100% 50% 80% 

JPY 58% 64% 55% 67% 35% 50% 100% 67% 

EUR 73% 74% 67% 76% 64% 80% 67% 100% 

< 10−24

< 0.005
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𝑋1, … , 𝑋𝑁 𝑥1, … , 𝑥𝑁 𝑌𝑖 = log(𝑋𝑖)
𝑦𝑖 = log (𝑥𝑖) 𝑖 𝑌𝑖

𝜇 = (𝜇1, … , 𝜇𝑁)𝑇

Σ = (𝐶𝑜𝑣(𝑌𝑖 , 𝑌𝑗))
1≤𝑖,𝑗≤𝑁

𝑌𝑘+1 𝑌1 = 𝑦1 , … , 𝑌𝑘 = 𝑦𝑘 (𝑦 − 𝜇)𝑘

(𝑦 − 𝜇)𝑘 = [

𝑦1 − 𝜇1

𝑦2 − 𝜇2

…
𝑦𝑘 − 𝜇𝑘

]

𝑌𝑘+1 Σ

Σ = 𝐿𝐿𝑇

𝐿

𝐿−1(𝑌 − 𝜇) 𝑁(0, 𝐼𝑁)

𝐿(𝑘): = (𝐿𝑖𝑗)
1≤𝑖,𝑗≤𝑘

𝑘𝑥𝑘 𝐿

𝐿𝑘+1: = [𝐿𝑘+1,1 𝐿𝑘+1,2 … 𝐿𝑘+1,𝑘]

𝑘 (𝑘 + 1)𝑡ℎ 𝐿 

𝑌𝑘+1 = 𝜇𝑘+1 + 𝐿𝑘+1[𝐿(𝑘)]−1(𝑦 − 𝜇)𝑘 + 𝐿𝑘+1,𝑘+1𝑍𝑘+1  

𝑍𝑘+1 𝑁(0,1) 𝑌𝑘+1

𝐸[𝑌𝑘+1|𝑌1 = 𝑦1 , … , 𝑌𝑘 = 𝑦𝑘] = 𝜇𝑘+1 +  𝐿𝑘+1[𝐿(𝑘)]−1(𝑦 − 𝜇)𝑘

𝑉𝑎𝑟[𝑌𝑘+1|𝑌1 = 𝑦1, … , 𝑌𝑘 = 𝑦𝑘] = 𝐿𝑘+1,𝑘+1
2



http://www.barrhibb.com/research_and_insights/article/validation_ofr_risk_factor_modelling_in_1-year_var_capital_assessment
http://www.barrhibb.com/knowledge_base/article/real-world_equity_calibration_a_comparison_of_realised_and_expected_vol_2/
http://www.barrhibb.com/knowledge_base/article/real-world_one-year_nominal_interest_rates_lmm_plus_calibration/
http://www.barrhibb.com/knowledge_base/article/1_year_ahead_interest_rate_tails/
http://www.barrhibb.com/knowledge_base/article/implementation_of_the_extended_2_factor_black_karasinski_model/
http://www.barrhibb.com/knowledge_base/article/approximating_interest_rate_distributions_within_2fbk/
http://www.barrhibb.com/knowledge_base/article/extended_displaced_2-factor_black-karasinski_model_govt_calibrations_and_va/
http://www.barrhibb.com/knowledge_base/article/extended_displaced_2-factor_black-karasinski_model_govt_calibrations_and_va/


http://www.barrhibb.com/knowledge_base/article/multi_year_real_world_interest_rates_updating_e2fbk_2f_vasicek_and_inflatio/
http://www.barrhibb.com/knowledge_base/article/multi_year_real_world_interest_rates_updating_e2fbk_2f_vasicek_and_inflatio/



